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Abstract
In this paper we use the upper semifinite topology in hyperspaces to get results in normal Hausdorff topology. The advantage
of this point of view is that the upper semifinite topology, although highly non-Hausdorff, is very easy to handle. By this way we
treat different topics and relate topological properties on spaces with some topological properties in hyperspaces. This hyperspace
is, of course, determined by the base space. We prove here some reciprocals which are not true for the usual Vietoris topology.
We also point out that this framework is a very adequate one to construct the ˇCech–Stone compactification of a normal space.
We also describe compactness in terms of the second countability axiom and of the fixed point property. As a summary we relate
non-Hausdorff topology with some facts in the core of normal Hausdorff topology. In some sense, we reinforce the unity of the
subject.
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1. Introduction
In [2] the authors proved that two compact metric spaces are homeomorphic if and only if their canonical com-
plements in the corresponding hyperspaces, with the Hausdorff metric, are uniformly homeomorphic. On the other
hand, the Chapman Complement Theorem in shape theory (see [4]) and the Curtis–Schori–West Theorem (see [14],
for example) allow us to say that the topological type, for the induced Vietoris topology, of the canonical complement
of a non-degenerate Peano continua determines, and is determined by, the shape of such spaces. Recall also that for a
compact metric space the Vietoris topology on the hyperspace is just the topology induced by the Hausdorff metric.
From the above paragraph one can infer that the Hausdorff metric, and the induced Vietoris topology, is an adequate
tool to study topological, and shape-type, properties of Peano continua.
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study topological properties in the larger class of Tychonov spaces and mainly in the class of normal Hausdorff spaces.
The main goal of this paper is to show that a special non-Hausdorff topology (the upper semifinite) in hyperspaces can
be used as a guide line to unify different results and constructions in normal Hausdorff topology. In fact this topology,
when X is a non-degenerate Tychonov space, satisfies the T0 but not the T1 separation axiom.
All along this paper we represent by 2XU the hyperspace of X with the upper semifinite topology. We will define it
precisely in the next section.
We dedicate the second section to construct some functors between categories involving upper semifinite hyper-
spaces. We also prove a complement theorem related to the canonical copy φ(X) of a Tychonov space X in 2XU . These
results allow us to say that the topological type of X is determined by that of 2XU and by that of 2XU \ φ(X). The main
used tool is the obvious result which describes the closure of points in 2XU .
In view of the results described in the above paragraph, it is natural to look for descriptions of topological properties
of spaces in terms of topological properties in the corresponding hyperspaces. So, we dedicate the third section to
describe some properties, related to compactness, of X in terms of countability axioms properties of 2XU .
In Section 4 we note that the ultrafilters of closed sets of X can be considered as closed subsets of 2XU . This is the
starting point to construct the ˇCech–Stone compactification of a normal space X from this context. In this case we
have to combine the upper semifinite topology in 2X with the lower semifinite topology, see [10], in 22XU . In fact, this
seems to be an adequate framework for the construction of Wallman in [16].
It is a latent feeling that the fixed point property is, in some sense, related to compactness. Maybe because of
the main topological fixed point theorems need some compactness property either on the space or on the map. This
relation is far from being clear because there are non-compact spaces with the fixed point property and, of course,
there are compact spaces without fixed point property. In this paper we state a clear relation between compactness of
X and the fixed point property of 2XU . In fact, in the last section, we characterize compactness, among paracompact
Hausdorff spaces, in terms of the fixed point property of 2XU . We must say that we have to use Zorn’s Lemma to obtain
this result.
We are aware that many results in this paper could be generalized to more general classes of spaces but the main
value we give to this work is in the global (that is, the different things that one can treat using the hyperspaces 2XU ) and
not in giving the largest possible generality for each result. We also think that the realm of normal Hausdorff spaces
is one large enough as to be significant. In a related forthcoming paper we will focus on compact metric spaces X. In
this context we will give, using 2XU , some homotopical properties of X and some fundamentals of the computational
topology of compact metric spaces as invariant sets in flows.
We have also to say that this paper, and the forthcoming one, is intimately related to [5,6,13] in the conception
process.
We used the book [7] for the basic definitions in general topology. We recommend the books [3,11] for hyperspaces
theory, they mainly treat the Hausdorff metric (or Vietoris topology).
2. Maps between hyperspaces and maps between spaces
Consider a Tychonov space (X,T ) and denote by 2X the set of all nonempty closed subsets of (X,T ). Given
U ⊂ X open we define BU = {C ∈ 2X/C ⊂ U}. Then the family B = {BU }U∈T is a base for the upper semifinite
topology on 2X . As a general rule, in the sequel we will use the same notation C for a closed subset of X and an
element of 2X (instead of {C}) an even for an element of 22X (instead of {{C}}).
From now on we denote by 2XU the corresponding topological space (see [10]).
The following obvious result will be very useful and widely used along the paper. It describes the closure of a point
in 2XU .
Proposition 2.1. Let X be a Tychonov space and C ∈ 2X . Then {C} = {D ∈ 2X/C ⊂ D}.
Only the T1 property of X is needed to prove it.
Note that the following consequences are clear:
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(a) The unique closed point in 2XU is just X.
(b) If X is non-degenerate (having more than one point) then 2XU is a T0 not T1-space.
(c) The unique continuous functions from 2XU to a T1-space are the constant.
(d) 2XU is always a compact and connected space.
The proof of them are very easy and in some cases they are beautiful exercises.
Another trivial fact that we are going to use is
Proposition 2.3. Let X be a Tychonov space. The function
Φ :X → 2XU given by Φ(x) = {x}
is a topological embedding. Moreover, Φ(X) is dense in 2XU .
From now on we will refer to Φ(X) as the canonical copy of X and to 2XU \ Φ(X) as the canonical complement
of X. We mainly will use the notation 2XU \X instead of 2XU \Φ(X).
As a consequence of the above result we have:
Corollary 2.4. Given a Tychonov space X, 2XU is a connected compactification of X.
We are interested in the continuity of the natural function 2f : 2XU → 2YU induced by a continuous function
f :X → Y .
Recall that 2f (C) = f (C) where — is the closure operator in the topological space Y . It is easy to see that this
construction has a functorial character, so 2g◦f = 2g ◦ 2f and 2Id = Id. In [5], the authors proved that 2f is always
continuous, for f continuous, for the lower semifinite topology. We do not know if it is the case in our context, upper
semifinite topology. For our final purpose in the section the following result is enough.
Proposition 2.5. Let X, Y be two Tychonov spaces and f :X → Y a continuous function
(a) If f is closed, 2f is continuous.
(b) If C ∈ 2X is such that 2f (C) has a base of closed neighborhood in Y (2f (C) is here considered as a closed subset
of Y ) then 2f is continuous at C.
Remark. Recall that a closed subset D ⊂ Y has a base of closed neighborhood in Y if for every open set U ⊃ D there
is an open set V of Y such that D ⊂ V ⊂ V ⊂ U .
Proof. (a) Let C ∈ 2XU and take a basic neighborhood BV of 2f (C) in 2YU . So 2f (C) = f (C) ⊂ V . Since f is
continuous we have that f−1(V ) ⊂ X is open. Take now D ∈ B(f−1(V )). Since f is closed, it follows that 2f (D) =
f (D) ⊂ V . Consequently 2f (B(f−1(V ))) ⊂ BV and we are done.
(b) Take first C ⊂ X closed such that f (C) = Y , we have 2f (C) = Y , and then 2f is obviously continuous at C.
Suppose on the contrary that f (C) = Y . Take BV as a basic neighborhood of 2f (C) in 2YU . So f (C) ⊂ V and there is
an open set V ′ ⊂ Y such that f (C) ⊂ V ′ ⊂ V ′ ⊂ V . Consider now B(f−1(V ′)) and D ∈ B(f−1(V ′)); then D ⊂ (f−1(V ′))
consequently f (D) ⊂ V ′. Finally, f (D) ⊂ V ′ ⊂ V . So 2f (D) ∈ BV and since C ∈ B(f−1(V ′)) we have proved that 2f
is continuous at C. 
From the last proposition we obtain
Corollary 2.6. Let X, Y be two Tychonov spaces.
(a) Suppose that f :X → Y is a continuous function. If C ⊂ X is a compact subspace then 2f is continuous at C.
(b) Suppose Y is a normal Hausdorff space. If f :X → Y is a continuous function then 2f : 2X → 2Y is continuous.U U
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of compact T0-topological spaces and continuous functions, respectively. The assignment 2• :N → CT0 given by
2•(X) = 2XU for X ∈ obj(N ) and 2•(f ) = 2f for f ∈ morph(N ) is a functor. In fact, 2f : 2XU → 2YU is a continuous
extension of the continuous function f :X → Y to the corresponding compactifications of X and Y (if one identifies
each normal Hausdorff space with its canonical copy in its corresponding hyperspace).
From now on we are going to obtain the main results in this section.
Proposition 2.8. Let HT be the category whose objects are the Tychonov spaces and the morphisms between two
objects in HT are just the homeomorphisms between them. Let UH be the category whose objects are just the hyper-
spaces, with the upper semifinite topology, of objects inHT and the morphisms are just the homeomorphisms between
objects in UH. Then the functor 2• :HT → UH is an isomorphism of categories.
Proof. First of all it is clear, from Proposition 2.5, that if f :X → Y is a homeomorphism then 2f : 2XU → 2YU is also
a homeomorphism. If f,g :X → Y are homeomorphisms with f = g then there is x ∈ X such that f (x) = g(x), so
2f ({x}) = 2g({x}). Consequently 2f = 2g .
Suppose now that h : 2XU → 2YU is a homeomorphism. Fix x ∈ X and so {x} ∈ 2XU . Let us denote by {x} the closure
of the point {x} in 2XU . (Note that the right way would be {{x}}.)
Let Cx = h({x}), then Cx ⊂ Y is a nonempty closed subset. Suppose y1, y2 ∈ Cx then, from Proposition 2.1, we
have h({x}) ∈ {y1} ∩ {y2}, so {x} ∈ h−1({y1} ∩ {y2}). Since h is a homeomorphism we have
{x} ∈ h−1({y1} ∩ {y2})= h−1({y1})∩ h−1({y2})= h−1({y1})∩ h−1({y2})
and so, from Proposition 2.1, we obtain that h−1({y1}) ⊂ {x} and h−1({y2}) ⊂ {x} as closed set of X. Consequently
h−1({y1}) = h−1({y2}) = {x}. Since h−1 is a homeomorphism, we obtain that y1 = y2 and then Cx is, in fact, a point
in Y .
Define f :X → Y by f (x) = Cx . It is obvious that f is a homeomorphism (in fact f = h|Φ(X) :Φ(X) → Φ(Y)).
We have to prove now that 2f = h. Let C ⊂ X a nonempty closed subset and suppose x ∈ C, then C ∈ {x} and
so h(C) ∈ h({x}) = h({x}) (because h is a homeomorphism). So for x ∈ C we have h({x}) ⊂ h(C), consequently
Cx = h({x}) ∈ h(C) (we consider h(C) as a closed subset of Y ), which implies that 2f (C) = f (C) ⊂ h(C)(1). On
the other hand, if y ∈ h(C), we have h(C) ∈ {y} and then C = h−1(h(C)) ∈ h−1({y}) = h−1({y}). Recall now that
h−1({y}) = f−1(y) is in fact a point. Then x = h−1({y}) = f−1(y) ∈ C. So f (x) = y, y ∈ f (C) and consequently
h(C) ⊂ f (C)(2).
(1) and (2) imply that h = 2f and we finally proved the announced result. 
Corollary 2.9.
(a) Let X, Y be two Tychonov spaces. Then X is homeomorphic to Y if and only if 2XU is homeomorphic to 2YU .
(b) The function 2• :H(X) → H(2XU) is a group isomorphism, where H(Z) denote the group of autohomeomor-
phisms of the topological space Z.
Remark. (a) Note that Corollary 2.9 implies that every non-degenerate Tychonov space has the same group of
homeomorphisms as a compact, connected, T0 and non-T1 space, so it can be inferred that the algebraic type of
the autohomeomorphism group is, in general, a very weak topological invariant; beside this in [9,12,17] we can find
classes of spaces for which the algebraic type of the group of autohomeomorphism classifies the spaces among all of
those in the class.
(b) Both results in Corollary 2.9 are true if we consider the lower semifinite topology instead of the upper [5,6],
but it can be proved that no one of them is true if one considers the Vietoris topology. In fact, the Q-manifolds S1 ×Q
and Q (Q= Hilbert cube) are not homeomorphic, even they have different homotopy type. The Curtis–Schori–West
theorem [14] implies that 2S1×Q and 2Q, with the Vietoris topology, are homeomorphic (this proves that (a) is not true
in this context), moreover the group H(2S1×Q) is isomorphic to H(Q) by the Curtis–Schori–West Theorem. Now,
using [9], we get that H(2S1×Q) and H(S1 ×Q) cannot be isomorphic.
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contained in the following lemma:
Lemma 2.10. Let X, Y be two Tychonov spaces with Card(X)  2 and suppose that the function h : (2XU \ X) →
(2YU \ Y) is a homeomorphism.
(a) If n 2 is a natural number and C ∈ (2XU \X) with Card(C) = n then Card(h(C)) = n.
(b) Let a ∈ X and define Aa ⊂ 2XU \X as
Aa =
{
Ci = {a, xi} | xi ∈ X \ {a}
}
.
Then, there is a point pa ∈ Y such that h(Ci)∩ h(Cj ) = {pa} for every Ci,Cj ∈ Aa .
Proof. (a) We use induction on n. Take n = 2 and C = {a, b} with a, b ∈ X. Suppose that h(C) ∈ 2YU \ Y has more
than two points. Fix three different points {a′, b′, c′} ⊂ h(C). Then {a′, b′, c′} ⊂ Y is a closed subset and so is {a′, b′}.
Since h is a homeomorphism there is a unique D ∈ 2XU \X with
h(D) = {a′, b′} ⊂ {a′, b′, c′} ⊂ h(C),
consequently
h(C) ∈ h(D) = h(D).
In particular, C ∈ D. Consequently D ⊂ C. But Card (D) 2. Hence, D = C, which is a contradiction with the fact
that h is, in particular, a function. So (a) is true for n = 2.
Suppose now that (a) is true for a fixed k ∈ N. Take C ∈ 2XU \X with C = {a1, . . . , ak+1}, ai ∈ X, ai = aj if i = j ;
i, j = 1,2, . . . , k, k + 1 and such that Card(h(C)) = k + 1. This implies that Card(h(C)) > k + 1, because we can
apply the induction hypothesis to the homeomorphism h−1 at the point h(C). Fix a′i ∈ h(C), i = 1, . . . , k + 2; k + 2
different points. So {a′1, . . . , a′k+1, a′k+2} ⊂ Y is a closed subset. Let D ⊂ X be a closed subset such that h(D) ={a′1, . . . , a′k, a′k+1}. By induction hypothesis Card(D) k + 1. So
h(D) = {a′1, . . . , a′k, a′k+1}⊂ {a′1, . . . , a′k+1, a′k+2}⊂ h(C),
hence,
h(C) ∈ h(D) = h(D).
Consequently C ∈ D which is the same as D ⊂ C. This means that D = C (because Card(D) k + 1) which is again
a contradiction because h(D) = h(C).
(b) Let Ci,Cj ∈ Aa ; Ci = {a, xi}, Cj = {a, xj }. Suppose that h(Ci)∩h(Cj ) = ∅ and take B = {a, xi, xj } ∈ 2XU \X.
Since Ci,Cj ⊂ B then B ∈ Ci ∩ Cj in 2XU . Since h(B) ∈ h(Ci) = h(Ci), h(B) ∈ h(Cj ) = h(Cj ) and using again
Proposition 2.1 we obtain h(Ci) ∪ h(Cj ) ⊂ h(B). Since h(Ci) ∩ h(Cj ) = ∅, from (a) in this lemma we get that
Card(B) 4 but Card(B) = 3 which is a contradiction with part (a) proved before.
So we have proved that if Ci,Cj ∈ Aa , then h(Ci)∩h(Cj ) = ∅. Take now Ci1,Ci2,Ci3 ∈ Aa with h(Ci1)∩h(Ci2) =
h(Ci1)∩ h(Ci3).
First of all Card(h(Ci)∩ h(Cj )) = 1 for every Ci,Cj ∈ Aa because, from (a), Card(h(Ci)) = 2 and h is, in partic-
ular, injective.
Put h(Ci1) ∩ h(Ci2) = p1; h(Ci1) ∩ h(Ci3) = p2, with p1 = p2. We get, by (a), that h(Ci1) = {p1,p2}. Conse-
quently h(Ci2) ∩ h(Ci3) = p3; p3 = p1,p2, hence h(Ci2) = {p1,p3} and h(Ci3) = {p2,p3}. Using again that h is a
homeomorphism we obtain that
h(Ci1 ∪Ci2 ∪Ci3) = {p1,p2,p3}
but Card(Ci1 ∪Ci2 ∪Ci3) = 4 which is a contradiction with part (a). 
Now we can prove the Complement Theorem we announced.
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morphic to 2YU \ Y .
Proof. We only have to prove the “if” part. Let X = ∅. Let h : 2XU \X → 2YU \ Y be a homeomorphism.
Suppose first that Card(X) < ℵ0. So Card(X) = n ∈N and we have Card(2XU \X) = 2n − (n+ 1). Then Card(2YU \
Y) = 2n − (n+ 1).
First of all, since Y is Tychonov, it is obvious that Card(Y ) < ℵ0. On the other hand, if Card(Y ) = m ∈ N, then
Card(2YU \ Y) = 2m − (m+ 1). So 2n − (n+ 1) = 2m − (m+ 1) and hence n = m. Consequently X is homeomorphic
to Y , because they are discrete spaces with the same cardinality.
Suppose now that Card(X) ℵ0. Take x ∈ X and consider Ax , px as in Proposition 2.10(b). Define
f :X → Y ; f (x) = px.
Recall that h(Ci) ∩ h(Cj ) = px Ci,Cj ∈ Ax = {Ci = {x, xi}/xi ∈ X \ {x}}. We are going to prove that f is in fact a
homeomorphism, so we have to prove
(1) f is an injective map
Take x, x′ ∈ X; x = x′ and suppose that f (x) = f (x′). Choose another two points x1, x2 ∈ X; x1 /∈ x2 with
xi /∈ {x, x′}, i = 1,2. Then there are y1, y2 ∈ Y such that h({x, x1}) = {f (x), y1}, h({x′, x2}) = {f (x′), y2}. Since h
is injective, we obtain that y1 = y2.
Let B = {f (x), y1, y2}. Since {f (x), y1} ∪ {f (x), y2} ⊂ B , it follows that B ∈ {f (x), y1} ∩ {f (x), y2}. Conse-




})∪ h−1({f (x), y2})= {x, x1} ∪ {x′, x2} ⊂ h−1(B).
We finally obtain that Card(B) = 3 and Card(h−1(B)) 4 and it contradicts Lemma 2.10(a). So f is injective.
(2) f is a surjective function
Let b ∈ Y and consider Bb = {Di = {b, yi}: yi ∈ Y \ {b}}. Then, from Lemma 2.10, there is a ∈ X such that
h−1(Di)∩ h−1(Dj ) = {a} for Di , Dj ∈ Bb and Card(h−1(Di)) = 2 for Di ∈ Bb and so f (a) = b and we are done.
(3) f is continuous
Suppose first that f (a) is an isolated point of Y . So Y \ {f (a)} ⊂ Y is a closed subset and Y \ {f (a)} ∈ 2YU \ Y .
Consequently
Y \ {f (a)}= {Y, Y \ {f (a)}}.
Since h is a homeomorphism,
h−1
(
Y \ {f (a)})= h−1(Y \ {f (a)})= {h−1(Y ),h−1(Y \ {f (a)})}.
Since Y ∈ 2YU is the unique closed point in 2YU , then h−1(Y ) is closed in 2XU \ X and so h−1(Y ) = X. We deduce
that the unique closed subsets of X containing h−1(Y \ {f (a)}) are just X and h−1(Y \ {f (a)}). So Card(X \h−1(Y \
{f (a)})) = 1 and then there is x0 ∈ X such that h−1(Y \ {f (a)}) = X\{x0}. Moreover x0 is an isolated point in X
(because h−1(Y \ {f (a)}) is closed in X). Suppose that x0 = a and take {x, a} ⊂ (X \ {x0}). Then X \ {x0} ∈ {x, a}.
It implies h(X \ {x0}) ∈ h({x, a}) = h({x, a}) = {f (a), y0}. This means that {f (a), y0} ⊂ h(X \ {x0}) = Y \ {f (a)}
which it not possible. So x0 = a and obviously f is continuous at a (because a is isolated).
Suppose now that f (a) is not isolated in Y . Let V ⊂ Y be an open set with f (a) ∈ V. Let y ∈ V with f (a) = y
(which is possible because f (a) is no isolated). Since {f (a), y} ∈ BV \ Y , then there is an open set U ⊂ X with
h−1({f (a), y}) ∈ BU and h(BU \ X) ⊂ BV \ Y . Let x ∈ X be a point such that h−1({f (a), y}) = {a, x}, so a ∈ U .
Let now a′ ∈ U and f (a′) = b′. Suppose a = a′ then h({a, a′}) = {b, b′} ∈ BV . Consequently f (U) ⊂ V and then f
is continuous.
Note that we have constructed f :X → Y using h : 2XU \ X → 2YU \ Y . The same construction for h−1 : 2YU \ Y →
2XU \X gives us f−1. So, the continuity of f−1 can be obtained by above arguments applied to h−1. 
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The following lemmas will be useful to get a characterization of compactness in terms of upper semifinite hyper-
spaces in the class of metrizable spaces. We denote by R the usual space of real numbers and by N the set of natural
numbers.
Lemma 3.1. 2RU is not a first-countable space. In particular, N has not a countable base of neighborhoods in 2RU .
Proof. Suppose on the contrary that 2XU is a first-countable space. Consider N ∈ 2RU and suppose {BVn}n∈N is a base
of neighborhoods of N in 2RU . So
(1) N ⊂ Vn, and Vn ⊂ R is open for every n ∈N.
(2) Given V ⊂ R open with N ⊂ V , there is n0 ∈ N such that N ⊂ Vn0 ⊂ V.
Let Un =⋂ni=1 Vi . Then for each n, Un+1 ⊂ Un, Un ⊂ Vn and {BUn}n∈N is again a base for the point N. Without
lost generality, we can consider that Un =⋃i∈NB(i, εni ) where 0 < εn+1i < εni < 12 , 0 < εni+1 < εni < 12 for i, n ∈ N,
being B(i, εni ) the corresponding ball in R with the usual metric. Let now U =
⋃
n∈NB(n, εnn), Then there is n0 ∈ N
such that Un0 ⊂ U . This implies that εn0n0+1 < ε
n0+1
n0+1 which is a contradiction. 
Lemma 3.2. Let X be a discrete space. Then
(a) 2XU is first-countable,
(b) 2XU is second-countable if and only if X is finite.
Proof. (a) is obvious. In fact, any point has a base with just one open set.
In order to prove (b), suppose first that 2XU is second-countable and that Card(X) ℵ0. Then X contains a topo-
logical copy of N, of course as a closed set, denote by N this copy. Consider the subspace (P(N) \ {∅}) ⊂ 2XU . Then
(P(N) \ {∅}) must be a second-countable subspace.
On one hand, B = {BC}C∈(P(N)\{∅}) is a base for the induced topology on P(N) \ {∅} and from the second count-
ability property, there is {Cn}n∈N ⊂ (P(N)\{∅}) such that A = {BCn}n∈N is a base for the subspace P(N)\{∅}. On the
other hand, for every C ∈ P(N) \ {∅}, BC is an open set containing C hence there is n(C) such that C ∈ BCn(C) ⊂ BC .
So C ⊂ Cn(C). Consequently, Card(P(N) \ {∅}) = Card(N) = ℵ0 which is a contradiction.
The remaining part is obvious. 
So we have
Proposition 3.3. Suppose X is a metrizable space. Then:
(a) X is compact if and only if 2XU is second-countable.
(b) The derived set X′ of X is compact if and only if 2XU is first-countable.
Proof. (a) Suppose X is a compact metrizable space and let U = {Un}n∈N be a countable base for X. Take C ∈ 2XU
and fix BU a basic neighborhood of C in 2XU . Then C ⊂ U ⊂ X and U is open in X. For every x ∈ C there is nx ∈ N





From compactness of C we can choose {x1, . . . , xm} ⊂ C such that C ⊂⋃mi=1 Unxi ⊂ U. Then
B = {B(Ui1∪···∪Uir )}i1,...,ir∈N
is a countable base for 2X .U
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closed and discrete subspace C ⊂ X with Card(C) = ℵ0.
So 2C ⊂ 2X and the induced topology on 2C is just the upper semifinite topology. Consequently 2CU must be a
second countable spaces which is a contradiction with Lemma 3.2.
(b) Suppose that the derived set X′ of X is compact. (Recall that X′ is the subset of all nonisolated point of X and
it is a closed subspace of X.)
If C ⊂ X′, is a closed subset then it is compact. Fix a metric d on X inducing its topology. Suppose now U ⊂ X
is open such that C ⊂ U . Then there is n ∈ N with B(C,1/n) = {x ∈ X/d(x,C) < 1
n
} ⊂ U . So {BB(C,1/n)}n∈N is a
neighborhood base of C in 2XU .
Take now C ∈ 2XU with C ⊂ X\X′; then, obviously, {BC} is a base for C (with exact one element). Finally take
any C ∈ 2XU . Then C = (C ∩X′)∪ (C ∩ (X \X′)). We have C ∩X′ ∈ 2XU and {BB(C∩X′,1/n)}n∈N is a base for C ∩X′.
Since C ∩ (X \ X′) is open in X, because any point in X \ X′ is open, we have that {BUn}n∈N is a base for C where
Un = B((C ∩X′,1/n)∪ (C ∩ (X \X′)).
Conversely, let 2XU be first countable and suppose that X′ is non-compact. Then there is a closed copy N of the
natural numbers inside X′ and so, from metrizability of X, N is a discrete subspace. One can now follows step by step
the proof of Lemma 3.1 to prove that N has not a countable base in 2XU and consequently 2
X
U is not first-countable. 
4. Hyperspaces and ultrafilters: The ˇCech–Stone compactification of a normal space
Let us recall the definition of filter and ultrafilter of closed sets in a topological space X. We recommend [1], see
also [8], for basic definitions and properties related to this section.
Let F be a family of closed subsets of a topological space X. We say that F is a filter of closed sets (shortly a filter
from now on) if
(a) F = ∅,
(b) ∅ /∈F ,
(c) if C1, C2 ∈F then C1 ∩C2 ∈F ,
(d) if D ∈ X is closed and C ∈F with C ⊂ D then D ∈F .
A filter is called an ultrafilter if it is a maximal element in the set of filters ordered by inclusion. Let us recall the
following characterizations of ultrafilters:
Let F be a filter, then the following are equivalent:
(a) F is an ultrafilter,
(b) if D ⊂ X is a closed set of X such that D ∩C = ∅ for every C ∈F , then D ∈F ,
(c) for every closed subset D ⊂ X we have that either D ∈F or there is C ∈F with C ⊂ X \D.
Obviously one can consider an ultrafilter F as a subset of 2XU . The following simple fact is the starting point for
this section:
Proposition 4.1. Let X be a normal Hausdorff space and suppose that F is an ultrafilter (of closed sets) of X. Then
F ⊂ 2XU is a closed subset.
Proof. We can suppose that F = 2X because if not the result is obviously true. This is the case when Card(X) = 1.
So take C ∈ 2XU \F . Since F is an ultrafilter, there is D ∈ F with C ∩D = ∅. Let U , V ⊂ X be open sets such that
C ⊂ U , D ⊂ V and U ∩ V = ∅ (this is possible by normality). Consider the basic open set BU of 2XU . If C′ ∈ BU we
have C′ ∩D = ∅ and then C ∈ BU ⊂ (2XU \F). Consequently F is closed. 
Last proposition allows us to consider any ultrafilter F ⊂ 2XU as a point F ∈ 22
X
U
. Let us recall now [10] the
following: Let (Z,T ) be a topological space and consider 2Z . For any open subset U ⊂ Z define DU = {H ⊂ Z;
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in 2Z . We denote by 2ZL the corresponding topological space.
From now on we are going to denote by W(X) the topological subspace of 22
X
U
L whose point are just the ultrafilters
of closed sets of a normal Hausdorff space X, that is
W(X) = {F ∈ 22XUL /F is an ultrafilter of closed subsets in X}
with the relative topology. The following result will be useful




)= {DV ∩W(X): DV ∈D}
is base for the topology of W(X).
Proof. First of all recall that, by definition of lower semifinite topology, D(W(X)) is a subbase for W(X). In order
to prove that it is, in fact, a base, we only have to prove that for every n ∈ N and V1, . . . , Vn ∈ 2XU we have that
DV1 ∩ · · · ∩ DVn ∩ W(X) = DV1∩···∩Vn ∩ W(X). In fact, we are going to prove the last equality for n = 2 and the
general result will follow by induction.
So take V1,V2 ⊂ 2XU open subsets. It is obvious that DV1∩V2 ∩W(X) ⊂ DV1 ∩DV2 ∩W(X). Take now F ∈ W(X)
such that F ∈ DV1 ∩ DV2 . This means that there are F1,F2 ∈ F such that F1 ∈ V1, F2 ∈ V2. Take two open sets
A1,A2 ⊂ X such that F1 ∈ BA1 ⊂ V1; F2 ∈ BA2 ⊂ V2. Now since F is a filter then F1 ∩ F2 ∈ F and F1 ∩ F2 ∈




L is far from being a T1-space but the next result clarifies the situation for the subspace W(X).
Proposition 4.3. Let X be a normal Hausdorff space. Then W(X) is a Hausdorff space.
Proof. Take F1, F2 ∈ W(X) with F1 = F2, then there are C1 ∈ F1 and C2 ∈ F2 with C1 ∩ C2 = ∅. Since X is a
normal space, there are open subsets V1, V2 ⊂ X such that Ci ⊂ Vi (i = 1,2) and V1 ∩ V2 = ∅. So Ci ∈ BVi , i = 1,2.
Consequently Ci ∈ DBVi .
Now DBV1 ∩ DBV2 ∩ W(X) = DBV1∩BV2 ∩ W(X) and BV1 ∩ BV2 = BV1∩V2 = ∅ imply DBV1 ∩ DBV2 ∩ W(X) = ∅
(note that DBV1 ∩DBV2 = ∅ because 2X is in both of them). 
In order to prove the compactness of W(X) we first need.
Proposition 4.4. Let X be a normal Hausdorff space and C ⊂ X a nonempty closed subset, take
C∗ = {F ∈ W(X)/C ∈F}.
Then C∗ = {C∗ /C ∈ 2X} is a base of closed subsets of W(X).
Proof. Recall first [1,15], that a base of closed sets for a topological space Z is a family A of closed sets such that
every closed set in Z is the intersection of elements of A (equivalently, if the family {Z\A: A ∈A} is a base for the
topology of Z).
First of all since B = {BV /V ⊂ X is open} is a base for 2XU and since D(W(X) is a base for W(X), we have that
D = {DBV /V ⊂ X is open} is a base for W(X).
Let C ⊂ X be a nonempty closed subset; we can suppose that C = X. Suppose now that F ∈ W(X), F ∈ C∗. Then
C ∈F and consequently F /∈ D(B(X\C)) because F is a filter. So F ∈ W(X)\D(B(X\C)), hence C∗ ⊂ W(X)\D(B(X\C)).
Consider now F ∈ (W(X) \ D(B(X\C))). So F ∩ (B(X\C)) = ∅. Since F is an ultrafilter and C ⊂ X is closed; then
either C ∈F or there exists D closed D ⊂ (X \C) such that D ∈F and then F ∈ C∗. The proof is finished. 
Proposition 4.5. Let X be a normal Hausdorff space. Then W(X) is a Hausdorff compactification of X.
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subfamily of C∗ with the finite intersection property has nonempty intersection.
Take A = {C∗i }i∈I ⊂ C∗ such a subfamily. Consider the family of nonempty closed subsets of X; G = {Ci ⊂
X/C∗i ∈ A}. Note that using De Morgan’s laws, Proposition 4.4 and the proof of Proposition 4.2, we obtain that
Ci
∗ ∩ Cj ∗ = (Ci ∩ Cj )∗ and so if Ci , Cj ∈ G we have Ci ∩Cj ∈ G; then, by induction (and the finite intersection
property of A), we have that G is closed by finite intersection. So G is contained in some filter of closed subsets of X
and consequently G is contained in some ultrafilter F ∈ W(X). This means that Ci ∈F for every i ∈ I . Consequently
F ∈⋂i∈I C∗i and the compactness of W(X) is proved.
In order to prove that X can be embedded as a dense subset of W(X), consider the following:
Let γ :X → W(X) defined by γ (x) = {C ⊂ X closed such that x ∈ C}. Obviously γ is well defined. Clearly γ is
injective, because X is a T1-space. Note that if C∗ ⊂ W(X), we have C = γ−1(C∗ ∩ γ (X)). So we have proved that
γ is a homeomorphism onto its image.
Consider the base D′ = {D(BV ) ∩ W(X)/V ⊂ X is open and nonempty} for W(X). For any open set V ⊂ X we
have that DBV = (W(X) \ (X \ V )∗) (one can suppose that V = X). Since there is x ∈ V , then γ (x) /∈ (X \ V )∗
because {x} ∩ (X \ V ) = ∅ and γ (x) is a filter. 
Let us finally prove that W(X) is a topological copy of the ˇCech–Stone compactification of X.
Proposition 4.6. Let X, Y be two normal Hausdorff spaces and g :X → Y a continuous function. Then there is a
continuous function g∗ :W(X) → W(Y) such that g∗|X = g.
Proof. In this proof we are going to identify X with γ (X). Let g :X → Y continuous. Then by Corollary 2.6(b),
2g : 2XU → 2YU is continuous. Let F ∈ W(X), and consider the family of nonempty closed subsets of Y
2g(F) = {2g(C)/C ∈F}.
Then 2g(F) = ∅ and ∅ /∈ 2g(F). Suppose now that C′1, C′2 ∈ 2g(F). Take C1, C2 ∈F with C′1 = g(C1), C′2 = g(C2)
where the closure operator is taken on Y . So 2g(C1 ∩C2) ⊂ 2g(C1)∩ 2g(C2) = C′1 ∩C′2 and then the family
F ′ = {C′ ⊂ Y closed /∃C ∈F with 2g(C) ⊂ C′}
is a filter of closed sets in Y . Now we are going to prove that F ′ is a prime filter. That is, if C′1 ∪C′2 ∈ F ′ then either
C′1 ∈F ′ or C′2 ∈F ′. If C′1 ∪C′2 ∈F ′ then there is C ∈F such that 2g(C) ⊂ C′1 ∪C′2. So
C ⊂ g−1(g(C))⊂ g−1(C′1 ∪C′2) = g−1(C′1)∪ g−1(C′2).
Since F is an ultrafilter and g−1(C′1)∪ g−1(C′2) ∈ F we have that either g−1(C′1) ∈ F or g−1(C′2) ∈ F . We can
suppose that g−1(C′1) ∈F . Consequently 2g(g−1(C′1)) ∈ 2g(F) and then C′1 ∈F ′. Once we have proved that F ′ is a
prime filter we only have to prove thatF ′ is contained in an unique ultrafilterF∗. This fact is known (see Example 2.13
in [8]).
Let F∗ be the unique element of W(Y) which contains F ′. So we have defined a function g∗ :W(X) → W(Y) by
g∗(F) =F∗.
Consider now a basic neighborhood DBV of g∗(F) in W(Y). Then there is D ∈ g∗(F) such that D ⊂ V . From the
normality we deduce the existence of V ′ ⊂ Y open with D ⊂ V ′ ⊂ V ′ ⊂ V.
Consider the closed subset (X \ g−1(V ′)). Then (X \ (g−1(V ′))) /∈ F because 2g(X \ (g−1(V ′))) ∩ D = ∅. We
can suppose that (X \ (g−1(V ′))) = ∅ (if not g∗(X \ (g−1(V ′))) ⊂ DBV ). So there is C ∈ F such that C ⊂ g−1(V ′).
Consider P ∈ W(X) ∩ DB
(g−1(V ′)) , there is E ∈ P with E ⊂ g−1(V ′). Consequently g(E) ⊂ V ′ ⊂ V , hence g∗(P) ∈
DBV , and we have proved the continuity of g∗. 
Finally we obtain
Proposition 4.7. Let X be a normal Hausdorff space. Then W(X) is the ˇCech–Stone compactification of X.
Proof. Consider a compact Hausdorff space Y and a continuous function f :X → Y . Consider the function
f ∗ :W(X) → W(Y) as before. First of all, see [15], W(Y) = Y because of compactness and so f ∗ :W(X) → Y
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by means of the characterization given in [8] or [15]. 
5. Fixed point property in upper semifinite hyperspaces
In this section we are going to detect compact spaces, among Hausdorff paracompact spaces, by means of the fixed
point property in hyperspaces. First of all we have
Proposition 5.1. Let X be a compact Hausdorff space. Then 2XU has the fixed point property.
Proof. Let f : 2XU → 2XU be a continuous function. Consider K = {C ∈ 2XU/f (C) ⊂ C}. X ∈K and so K = ∅, more-
over if C ∈K then C ∈ f (C) and, from the continuity, we have f (C) ∈ f (f (C)) ⊂ f (f (C)). Consequentlyf (f (C))
⊂ f (C). We have then proved that if C ∈K then f (C) ∈K.
Let us consider the order < in K defined by
A<B if B ⊂ A
and consider a chainH= {Cα: α ∈ Λ} ⊂K for this order, thenH has the finite intersection property so,⋂α∈ΛCα = ∅
consequently
⋂
α∈ΛCα ∈ 2XU moreover Cα ∈
⋂
α∈ΛCα for every α ∈ Λ. Using the continuity of f we have f (Cα) ∈
f (
⋂
α Cα) ⊂ f (
⋂
α Cα) for every α ∈ Λ this means f (
⋂





α f (Cα) ⊂
⋂
α Cα and consequently
⋂
α Cα ∈ K. Zorn’s lemma implies now the existence of a
maximal element K ∈K. Then f (K) ⊂ K and f (K) < K , i.e., K ⊂ f (K), consequently f (K) = K and the proof
is finished. 
In the opposite direction we obtain
Proposition 5.2. Let X be a normal Hausdorff space. Then X is countably compact provided 2XU has the fixed point
property.
Proof. Suppose, on the contrary, that X is not countably compact then there is a closed discrete and countable subset
C ⊂ X. Suppose C = {ai/i ∈N}. So one can get, by the normality and the Hausdorff separation property, a countable
family {Vi}i∈N of open subsets of X with ai ∈ Vi and Vi ∩Vj = ∅ i = j . Let us define f :V → V , where V =⋃i∈N Vi ,
by f (x) = ai+1 iff x ∈ Vi . It is obvious that f is a closed function. Consider now BV ⊂ 2XU and define f ′ :BV → BV
by f ′(D) = f (D) = {f (x)/x ∈ D} where D ⊂ V is a closed subset of X.
Let D ∈ BV and consider f (D) ∈ BW ⊂ BV where W ⊂ X is open and f (D) ⊂ W ⊂ V. Since f is continuous
there is W ′ ⊂ V open such that D ⊂ W ′ and f (W ′) ⊂ W. So f ′(BW ′) ⊂ BW and consequently f ′ is continuous.
Finally define fˆ : 2XU → 2XU by
fˆ (D) =
{
f ′(D) if D ⊂ V,
C if D /∈ BV .
We can prove easily, it is left to the reader, that fˆ is continuous and has not fixed points.
By [7, p. 300], the last two propositions allow us to obtain the following beautiful consequence.
Corollary 5.3. Let X be a paracompact Hausdorff space. Then X is compact if and only if 2XU has the fixed point
property.
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